The complex Sachdev-Ye-Kitaev (cSYK) model is a charge-conserving model of randomly interacting fermions. The interaction term can be chosen such that the model exhibits chiral symmetry. Then, depending on the charge sector and the number of interacting fermions, level spacing statistics suggests a fourfold categorization of the model into the three Wigner-Dyson symmetry classes. In this work, inspired by previous findings for the Majorana Sachdev-Ye-Kitaev model, we embed the symmetry classes of the cSYK model in the Altland-Zirnbauer framework and identify consequences of chiral symmetry originating from correlations across different charge sectors. In particular, we show that for an odd number of fermions, the model hosts exact many-body zero modes that can be combined into a generalized fermion that does not affect the system's energy. This fermion directly leads to quantum-mechanical supersymmetry that, unlike explicitly supersymmetric cSYK constructions, does not require fine-tuned couplings, but only chiral symmetry. Signatures of the generalized fermion, and thus supersymmetry, include the long-time plateau in time-dependent correlation functions of fermion-parity-odd observables: The plateau may take nonzero value only for certain combinations of the fermion structure of the observable and the system's symmetry class. We illustrate our findings through exact diagonalization simulations of the system's dynamics.
I. INTRODUCTION
The holographic principle is a conjectured relationship between gravitational and lower-dimensional conformal field theories [1] [2] [3] [4] . It has been an intriguing approach to explore non-Fermi liquid phases in strongly correlated quantum systems that are characterized by the absence of quasiparticles [5, 6] . The Sachdev-Ye-Kitaev (SYK) model that describes randomly interacting degrees of freedom is a toy model for such a non-Fermi liquid phase [7, 8] , often referred to as a strange metal. Originally formulated by Sachdev and Ye in terms of randomly interacting SU(M ) spins [7] , the model has seen a recent surge of interest due to the insight by Kitaev linking a Majorana fermion variant of the model to a gravitational dual [8] : a two-dimensional nearly anti-de Sitter space, which arises for near-extremal black holes [8] [9] [10] .
Similarly to black holes, the SYK model is maximally chaotic [8] . This means that any inserted information is distributed over all degrees of freedom with maximal efficiency, akin to the maximal scrambling of information in black holes [11, 12] . The scrambling of quantum information is reflected in the exponential decay of outof-time-order correlation functions [8, 12] whose study sparked renewed interest in quantum chaos [13] [14] [15] [16] [17] [18] .
The variant of the model with randomly interacting complex fermions shares many properties with the Majorana version, including a nonzero entropy density at zero temperature, but it additionally conserves a U(1) charge [19, 20] . The model exhibits compressible states, i.e., the charge density can be tuned by a conjugate chemical potential [19] . It is further characterized by a spectral asymmetry between the particle and hole excitations, which is related to the charge and entropy densities [21, 22] . The candidate holographic dual of the charge-conserving complex-fermion SYK model is a charged black hole [19] . In this dual, the spectral asymmetry is replaced by the strength of the electric field on the horizon and a similar relation between charge and entropy densities can be found [23] [24] [25] . In the following, we refer to Majorana fermion model as the SYK model, and the complex fermion model as the cSYK model.
The above properties of the cSYK and SYK models are understood in the thermodynamic and low-energy limit. Numerical studies provide complementary insights to the problem through the access to the entire spectrum and all eigenfunctions. However, they are only feasible up to a small number of interacting degrees of freedom and therefore miss some of the low-energy features relevant in the thermodynamic limit [26, 27] . Mesoscopic (c)SYK variants with a moderate number of fermions may bridge the gap between these limits. Several condensed-matter systems have been suggested to have low-energy physics effectively described by randomly interacting Majorana [28, 29] or complex fermions [30, 31] , thereby providing platforms for analog (c)SYK quantum simulations. Conversely, digital, qubitbased, quantum simulation has also been proposed for capturing the physics of the model via the measurement of time-dependent correlation functions [32] [33] [34] .
In the mesoscopic variants of the cSYK and SYK model, it is possible to access observables complementary to thermodynamic quantities, such as the level spacing statistics. As pointed out by You et al., the level spacing statistics in the SYK model are solely determined by the number of Majorana fermions and follow the three Wigner-Dyson symmetry classes with an eightfold periodicity in the Majorana fermion number [35] . This eightfold pattern was later understood to originate from a symmetry classification beyond Wigner-Dyson, namely the realization of the eight real Altland-Zirnbauer classes [36] in the SYK model [37] . This has several structural consequences, including many-body zero modes [37] and quantum mechanical supersymmetry [38] , and signatures beyond level spacing statistics, in particular in fermion-parity-odd correlation functions [37] [38] [39] .
For the cSYK model with chiral symmetry, You et al. found that the number N of complex fermions and the charge quantum number q together determine a fourfold pattern for the three Wigner-Dyson level spacing statistics. This leads us to the main questions of this work: Is there a symmetry classification beyond Wigner-Dyson behind this fourfold pattern and, if so, what are its structural consequences and signatures?
We show that the symmetry classes relevant for the chiral-symmetric cSYK model are the four real Altland-Zirnbauer classes with only one antiunitary symmetry, namely classes AI, AII, C and D. (The complementary four, not appearing in this model, are characterized by the presence of two antiunitaries.) A key structural consequence we find is that, for odd N , the system supports many-body zero modes: fermion-parity-odd objects that exactly commute with the Hamiltonian [40] .
We also show that the the many-body zero modes of the odd-N , chiral-symmetric, cSYK model can be combined into a generalized fermion, and that the presence of this means that the system is supersymmetric. We use supersymmetry (SUSY) in the sense of supersymmetric quantum mechanics, which is characterized by the number and structure of Hermitian supercharges that anticommute and square to the Hamiltonian [41] [42] [43] [44] [45] . While the number of supercharges is always two (unlike in the Majorana SYK model [38] ), the structure of the supercharges depends on the symmetry class at hand.
This directly translates into signatures in correlation functions. In particular, correlators of fermion-parityodd objects, including the single-particle Green's function, may exhibit a plateau at long times. Whether this plateau is nonzero, depends on the system's symmetry class (class C or D for odd N ) and the fermion structure of the object under consideration.
We emphasize that the symmetry classification, the structural features, and the signatures we find all crucially rely on the presence of chiral symmetry. Given that cSYK models can also be defined without this symmetry, we shall also discuss different ways to generate couplings resulting in chiral-symmetric cSYK Hamiltonians.
This work is organized as follows: In Sec. II, we discuss the symmetry classification of the chiral-symmetric cSYK model and summarize known features of the level spacing statistics. In Sec. III, we identify the model's manybody zero modes, including the aforementioned generalized fermion. In Sec. IV, we use this generalized fermion to show that the cSYK model is supersymmetric and discuss the structure of the supercharges. The zero modes and SUSY have direct consequences for various correlation functions, as we demonstrate explicitly in Sec. V, and illustrate by numerical results for time-dependent correlation functions. We conclude in Sec. VI and give an outlook on possible extensions of our results.
II. MODEL AND SYMMETRY CLASSIFICATION
Throughout this work, we consider the cSYK Hamiltonian [7, 19] 
of N complex spinless fermions that interact via a fourbody term with structureless complex couplings J ij,kl . For convenience, we include a chemical potential µ. The fermions c j obey the usual relations {c i , c j } = 0 and {c † i , c j } = δ ij . To ensure that H is a Hermitian operator, the couplings need to satisfy J ij,kl = J * lk,ji . Due to fermionic anticommutation, only the antisymmetric part of the couplings contributes, thus we can safely set
This model conserves charge
with eigenvalues q n = n − N/2, and n = 0, 1, . . . , N . The charge operator Q thus has integer eigenvalues for even N , and half-integer eigenvalues for odd N . Since [H, Q] = 0, the eigenstates of H can be labeled by the charge q,
and the Hamiltonian can be brought into a blockdiagonal form. We refer to each of the blocks as a charge sector, each characterized by their charge q. Extra structure in the couplings may imply additional symmetries. The key extra structure relevant to us arises if the interaction terms c † i c † j c k c l appear in antisymmetrized combinations of the creation and annihilation operators. This renders the Hamiltonian invariant under c † i ↔ c i and J ij,kl ↔ J * ij,kl [20, 35] , i.e., we have [H, S] = 0 with the antiunitary chiral symmetry [35, 46] S effecting
In Eq. (3), we defined the charge operator such that chiral symmetry anticommutes with charge {S, Q} = 0. Before turning to analyzing the consequences of chiral symmetry, we comment on a few ways in which the required coupling structure may arise. Starting from the original Hamiltonian Eq. (1), upon applying S, we find
The Hamiltonian respects chiral symmetry if the last two terms sum to zero. If the couplings satisfy for example
then Eq. (6) simplifies to
In this case, an appropriate chemical potential µ = ε 0 fixes chiral symmetry to be exact. Alternatively, one could use a more relaxed definition of chiral symmetry with µ = ε 0 . Then, the Hamiltonian does not transform to itself under chiral symmetry, but it is shifted by an energy that depends solely on the charge sector. In this work, we focus on the presence of exact chiral symmetry, i.e., SHS −1 = H, although some of the features we discuss are also present using the more relaxed definition. One notable example of couplings satisfying chiral symmetry are those generated by a supersymmetric construction of the cSYK model using the nilpotent supercharges [47] 
with antisymmetric coefficients C ijk and Q 2 s = 0. Under chiral symmetry, Q s transforms as [47] [48] [49] 
such that the Hamiltonian H = {Q s , Q † s } respects chiral symmetry. In Sec. IV, we describe, in some sense, the reverse of the above statement: In the presence of chiral symmetry, the cSYK Hamiltonian (1) with odd N can always be written in terms of two supercharges, albeit those have more intricate structure than Eq. (9) .
We now turn to the analysis of the consequences of chiral symmetry. The operator S can be explicitly constructed by employing a Jordan-Wigner transformation [35, 50] . Writing the creation and annihilation operator as spin-1/2 raising and lowering operators σ ± j = (σ x j ± iσ y j )/2 attached to a string of spin operators,
the creation and annihilation operator are both represented by purely real matrices. Following Ref. 35 , we split the operator S = UK into a unitary part U and complex conjugation K. Since the representation of c i in terms of spin operators is real, c † i = Sc i S −1 = Uc i U † in this basis. This transformation can be achieved by the unitary matrix consisting of an alternating string of σ x j and σ y j+1 [35, 51, 52 ]
The square of S can be easily deduced from the number of σ y j operators in U, namely
For N even, S conserves the fermion parity P = (−1) Q+N/2 , [S, P ] = 0, whereas it changes the fermion parity for odd N , {S, P } = 0 [37] . This allows us to discuss four distinct cases depending on N mod 4. We either have N even (and hence [S, P ] = 0) with S 2 = ±1, or N odd (and hence {S, P } = 0) with S 2 = ±1. Below, we first briefly describe the how the S 2 = ±1 cases for N even fit into the SYK symmetry classification of Ref. 37 , highlighting also the qualifications required due to charge conservation. Our considerations here lead to the same two classes as the ones identified in Ref. 35 via level spacing statistics. Then, we turn to the main focus of this work: the classes arising for odd N . Here, while level spacing statistics alone does not distinguish between S 2 = ±1, we find that two distinct classes arise in the two cases. The identification of the symmetry classes is aided by considering the block structure of the Hamiltonian and the interrelation of the different blocks under the action of S, as illustrated in in Fig. 1 . We organize the Hamiltonian into two parity blocks, and within those, different charge sectors.
When N is even, the −q and q charge sectors have the same fermion-parity eigenvalue p = (q + N/2) mod 2. For q = 0 they are exchanged under S. Consistency with the SYK classification of Ref. 37 leads us to associate to S 2 = +1 and S 2 = −1 the Cartan labels AI (orthogonal class) and AII (symplectic class), respectively: As in our cSYK model, in the Majorana SYK case the antiunitary symmetry present for (2N ) mod 8 = 0, 4 Majoranas (i.e., N mod 4 = 0, 2 complex fermions) conserves fermion parity, and in this sense is time-reversallike. Since this is the only antiunitary symmetry in this case, the orthogonal and symplectic classes are the natural association. In the cSYK model, however, each parity sector consists of several subblocks with different charge eigenvalues q; we thus have, in each parity block, class AI (AII) with charge conservation supplying an extra unitary symmetry. This masks the level repulsion characteristics of class AI (AII) in all the charge sectors but q = 0, which is left invariant by S. Specifically, as explained by You et al., the level spacing statistics in all q = 0 charge sectors follow the Gaussian unitary ensemble [35] ; however, the level spacing statistics in the q = 0 subblock follow the Gaussian orthogonal ensemble when S 2 = +1 and Gaussian symplectic ensemble when S 2 = −1, matching classes AI and AII, respectively.
For odd N , the charge sectors −q and q have opposite fermion parity. Thus, chiral symmetry acts across opposite parity sectors. In particular, it leaves none of the charge sectors invariant, hence there is no charge sector in which it could influence level spacing statistics; these follow, for all q, the Gaussian unitary ensemble [35, 53] . Due to these facts, the resulting symmetry classes are D (S 2 = +1) and C (S 2 = −1), where the specific association is done consistently with the symmetry classification of the Majorana SYK model [37] . We summarize the symmetry classes and level spacing statistics in Table I . The consequences of chiral symmetry connecting different charge and parity sectors remain largely unexplored. It is these consequences that we focus on in the following sections. We shall focus on odd N , where consequences will be shown to include the presence of many-body zero modes and quantum-mechanical SUSY, as well as signatures in fermion-parity-odd dynamical correlation functions. When N is even, certain parity-even correlation functions away from the q = 0 charge sector may also exhibit signatures of the respective symmetry class due to mechanisms analogous to those we shall describe for the odd-N case. We shall briefly comment on these even-N signatures in the outlook at the very end of this work.
III. ZERO MODES
In this section, we exploit the interrelation between the opposite charge sectors q and −q to construct many-body zero modes, operators that commute with the Hamiltonian but anticommute with the fermion parity. A key ingredient for this will be seen to be the anticommutation between S and fermion parity, thus such zero modes are present only for odd N .
Using HS = SH, we realize that the states |ψ q µ and |Sψ q µ are both eigenstates of the Hamiltonian with the same energy ε q µ = ε −q µ ,
N mod 4 0 but opposite charge eigenvalues q and −q,
We adopt the following convention between eigenstates in opposite charge sectors: |ψ −q µ ≡ |Sψ q µ (with q > 0). In the spirit of Ref. 37 , we construct eigenoperators of the Hamiltonian (q > 0)
that change the charge by 2q, which for odd N takes values 2q = 1, 3, . . . , N . Since the energies in opposite charge sectors are degenerate ε q µ = ε −q µ , the eigenoperator O q µµ commutes with the Hamiltonian, while due to 2q being odd, it anticommutes with fermion parity: It is an odd-parity many-body zero mode.
Using these zero modes as building blocks, we next define a generalized (many-body) fermion: 
where the sign is that of S 2 = ±1. When S 2 = −1, this transformation is different from the action of chiral symmetry on the complex fermions c j , Eq. (5). This implies that the generalized fermion d cannot have any weight in the complex-fermion annihilation operator c j in its expansion in operator space.
To investigate the decomposition of d into the constituent fermions c j , we first expand it in terms of products of Majorana operators. Each complex fermion can be split up into two Majorana operators γ j . Here, we use γ 2j = c † j +c j and γ 2j+1 = i(c j −c † j ) [54] . These 2N Majorana operators are Hermitian, obey the anticommutation relation {γ i , γ j } = 2δ ij , and commute with chiral symmetry, [S, γ j ] = 0. We employ the Majorana operators to construct a basis that spans all operators that act on the Hilbert space of N complex fermions. In particular, the products of n a Majorana operators [55] Υ a = i na(na−1)/2 γ i1(a) γ i2(a) · · · γ in a (a) (20) are Hermitian, unitary, and orthonormal with respect to the trace, tr[Υ a Υ b ] = 2 N δ ab . Any operator acting on the same Hilbert space can be expanded in terms of the Υ a with complex coefficients. Using Sγ j S −1 = γ j , we find [38] SΥ a S −1 = (−1) na(na−1)/2 Υ a .
The Υ a do not conserve charge, but may conserve fermion parity P . In particular, Υ a with even (odd) n a conserve (change) fermion parity,
As d ( †) changes the fermion parity, only Υ a with odd n a can contribute to d ( †) . Similarly, only those Υ a that transform with the same sign under S as d ( †) can have nonzero weight in the expansion of d ( †) . This implies the only contribution to the sum
are terms with n a = 4n + 1 when S 2 = +1 (class D) and terms with n a = 4n + 3 when S 2 = −1 (class C), with n a nonnegative integer. This is analogous to the pattern found for classes D and C for the Majorana SYK model, as discussed in Ref. 38 .
To understand the consequences of the expansion in terms of products of Majorana fermions better, we take advantage of charge conservation. We first note that linear combinationsῩ a = b Υ b U * ba with the unitary matrix U are also orthonormal with respect to the trace,
where we denoted the trace inner product of two matrices by (A, B) [56] . We only consider matrices U with U ab = 0 when n a = n b , such that eachῩ a contains a welldefined number of Majorana fermions. The operators Υ a transform under chiral symmetry as
To take advantage of charge conservation, we aim to con-structῩ a andῩ † a that are eigenoperators of the charge operator,
such thatῩ † a increases the charge of a given state by q a . After multiplying Eq. (26) from the left by Υ b and taking the trace, we obtain
where we used the orthogonality of the Υ a in the last step. The ath column of U is thus the eigenvector with eigenvalue q a of the Hermitian and skew-symmetric matrix C with elements
This approach to obtain eigenoperators of Q is similar to the procedure described in Ref. 55 
operators that change the charge by q a . The sum over all q a gives back the 2N na operators, which can be verified using Vandermonde's identity.
For small n a , we can find transparent constructions of these operators, e.g., for n a ≤ 2, Υ a |n a = 0 : 1 (30a) Υ a |n a = 1 :
As operators with n a = 1 do not have any weight on the zero mode d in class C, the expansion of d does not contain single creation and annihilation operators. The only terms contributing to d that decrease the charge by one are of the form c † i c j c k (and higher order in c j ). Similarly, operators with n a = 3 do not have any weight on the zero mode in class D, and the expansion does not contain terms c † i c j c k ; it does, however, contain single terms c i . Instead of combing products of creation and annihilation operators, we shall use the operatorsῩ a and Υ † a with well-defined n a and q a in the following. Unless stated otherwise, q a > 0 soῩ † a increases the charge by q a andῩ a decreases the charge by q a .
IV. SUPERSYMMETRY
The generalized fermion operators d and d † constructed in the previous section can be promoted to supercharges. Thus, as we show in the following, when N is odd, chiral symmetry in itself implies quantummechanical SUSY for the cSYK model. This is in contrast to explicitly supersymmetric cSYK constructions [47] [see also Eq. (9)], which imply relations between the Hamiltonian couplings J ij,kl beyond chiral symmetry, so that N need not be odd for SUSY to be present. Supersymmetric quantum mechanics is characterized by N , the number of Hermitian supercharges that anticommute and square to the Hamiltonian [41] [42] [43] 57] , and furnish the representation of the supercharges in terms of complex fermions [44, 45, 49] . After shifting all energies by a constant such that all ε q µ ≥ 0, we construct a supercharge via
in close analogy to the supercharges in the Majorana SYK model considered in Ref. 38 . The operators Q and Q † are both nilpotent Q 2 = Q † 2 = 0, and their anticommutator equals the Hamiltonian
This implies that the two linearly independent Hermitian superchargesQ 1 = Q + Q † andQ 2 = i(Q − Q † ) satisfy {Q i ,Q j } = 2Hδ ij . Thus, we find N = 2 supersymmetry. The supercharges Q and Q † share important features with the generalized fermion operators. In particular, acting on any given charge sector that they do not annihilate, d and Q (d † and Q † ) change the charge the same way. Therefore, as do d and d † , both Q and Q † change the fermion parity,
Chiral symmetry transforms the two operators into each other,
with the sign given by S 2 = ±1; cf. Eq. (19) . We summarize the key features of the supercharges in Table II . For the same reasons as for the generalized fermion operators (Sec. III), the supercharges can only contain thoseῩ a with the same transformation properties under P and S. This implies that in the expansion
only terms with n a = 4n + 1 (n a = 4n + 3) are nonzero in class D (C). This is consistent with the relation in explicitly supersymmetric cSYK models, where for odd N and supercharges that contain products of n a creation and annihilation operators one has SQS −1 = (−1) (na−1)/2 Q † [49] . The fermion expansion structure is also similar to those of the two supercharges in classes D and C in the Majorana SYK model [38] .
V. SIGNATURES IN CORRELATION FUNCTIONS
The zero modes and supersymmetry we find for odd N have distinct long-time signatures in correlation functions. Specifically, we show that, depending on the symmetry class and the fermion structure of the observable, a long-time plateau at nonzero (or conversely, strictly zero) value may emerge. A key to studying these plateaus is to consider observables connecting opposite charge sectors q and −q, i.e., to probe the inter-sector correlations. The plateaus we find are cSYK analogs of long-time plateaus discussed for the Majorana-SYK model [37] [38] [39] .
We consider the retarded correlation function
with the Heaviside step function Θ(t). We average over all N nq different fermionic operatorsῩ † a that contain n a = n Majorana operators and increase the charge by q a = q. Although the operatorsῩ a are only defined up to a unitary transformation that keeps n a and q a intact, the correlation function defined above is invariant under such a transformation due to the sum over a.
In Eq. (36), angular brackets denote the quantum statistical average . . . = tr[. . . ρ q ] with respect to the thermal state in a given charge sector ρ q = Z −1 q µ exp(−βε q µ )|ψ q µ ψ q µ |. [The partition function is given by Z q = µ exp(−βε q µ ).] The value of q is linked to the charge q in C + nq (t): We want the action ofῩ ( †) a in Eq. (36) to include connecting opposite charge sectors; we must hence choose q = ±q/2. By inserting a resolution of the identity for the charge sectorsῩ ( †) a maps to, the correlation function can be rewritten as
where we used thatῩ † a (Ῡ a ) increases (decreases) the charge by q. Now separating terms with equal-energy oppositecharge matrix elements, we rewrite the correlation function as a sum of time-dependent and time-independent contributions,
The time-dependent contribution δC + nq (t) itself consists of two parts: one contribution from charge sectors q/2 and −q/2 with degenerate energies ε q/2 µ = ε −q/2 µ and hence cross-charge-sector level repulsion, and another contribution from charge sectors −q/2 and −3q/2 (or q/2 and 3q/2) that have uncorrelated energies. Due to the lack of correlations, this second contribution quickly decays to zero. The first contribution, however, exhibits structure, including a ramp up to times 2π/∆ ∞ (with the mean level spacing ∆ ∞ ). This ramp is the result of the cross-charge-sector spectral rigidity [58] , caused by the level repulsion. It connects to a plateau discussed below with a sharp corner, which is consistent with Gaussian unitary ensemble level statistics [58] .
We now discuss this long-time (t ∆ ∞ ) plateau. We focus on the infinite-temperature limit (β → 0), where the origin and the features of the plateau are the most transparent. (The plateau is, however, present at any In panels (a) to (c), we show the plateaus for different numbers n of involved operators. The colors denote the change q ≤ n in the charge. We rescaled all plateaus by the dimension of the corresponding charge sector for a better comparability between the different system sizes.
temperature, or even in a nonthermal correlation function with respect to an arbitrary eigenstate from ρ ±q/2 .) At β → 0, the partition function simply counts the number of states in the charge sector, lim β→0 Z q/2 = N (N +q)/2 , such that the value of the plateau can be rewritten as
withῩ a,qµ = P qµῩa P qµ using the projector P qµ = |ψ q µ ψ q µ | + |ψ −q µ ψ −q µ | on states with energy ε q µ = ε −q µ . We can writeῩ † a,qµ in terms of the annihilation operator of the generalized fermion,Ῡ † a,qµ = v a qµ P qµ d † with the weight v a qµ = ψ
where means that the two sides transform in the same way under chiral symmetry , the weight v a qµ is generally nonzero, otherwise, v a qµ = 0. Since SP qµ S −1 = P qµ , this implies that the value of the plateau
As noted for the fermion structure in Table II ,Ῡ † a d † when n a mod 4 = 1 (n a mod 4 = 3) in class D (C).
To illustrate above findings, we compute ensembleaveraged correlation functions numerically. To this end, we use the Hamiltonian H 0 = (H + SHS −1 )/2 with H from Eq. (1), and draw the complex couplings from a normal distribution that satisfies [19, 59] 
where (. . .) denotes the ensemble average. The Hamiltonian H 0 satisfies chiral symmetry by construction; using it amounts to subtracting ijk J ij,ki c † j c k − c k c † j from Eq. (1). In Fig. 2 , we show Im C + nq (t) at infinite temperature. In all panels, we use the charge difference q = 1, i.e., a density matrix in the charge sector −q/2 = −1/2. Fig. 2(a-b) show class D (N mod 4 = 1). As argued above, for n mod 4 = 1, the correlation function does not decay to zero, but rather approaches a nonzero plateau [panel (a)]. As the value of this plateau decreases exponentially with system size, we rescale the correlation function by the size of the charge sector. When n mod 4 = 3, however, the plateau value is zero [panel (b)]. In Fig. 3 , we show the ensemble averages C ∞ nq for various system sizes N , charge sectors q, and numbers of creation/annihilation operators n, with n = 1, n = 3, and n = 5 in panels (a), (b), and (c). In all panels, we again rescale C ∞ nq by the dimension of the charge sector −q/2. Similarly to the correlation functions in the Majorana SYK model, the rescaled plateau for n = 1 and q = 1 increases with system size in the range we can simulate numerically [37, 38] . We leave more detailed investigations of the plateau as a function of system size and n, q for future work.
VI. CONCLUSION AND OUTLOOK
In this work we have embedded the fourfold pattern of level spacing statistics [35] for the chiral-symmetric complex-fermion SYK model into the Altland-Zirnbauer symmetry classification first introduced for its Majorana counterpart [37] . While for an even number N of fermions, this embedding results in the same classes (AI and AII) as previously recognized (as GOE and GSE) through studies of level spacing statistics, new classes (C and D), and consequences thereof, emerge for odd N . Below we first summarize these odd-N consequences, both in terms of structural features and signatures. Then, we shall comment on hitherto unexplored features that may arise for even N due to similar considerations.
We found that the odd-N , chiral-symmetric, cSYK model supports fermion-parity-odd many-body zero modes. From these zero modes, we can build a generalized (many-body) fermion d that does not contribute to the system's energy (i.e., as its constituent zero modes, commutes with the Hamiltonian). Closely related to this generalized fermion, we find the emergence of N = 2 supersymmetry in the cSYK model. This SUSY only relies on chiral symmetry, and, unlike previous explicitly supersymmetric cSYK constructions, requires no additional fine tuning of the couplings.
We linked the generalized fermion to signatures in correlation functions, in particular, long-time plateaus whose value is determined by the charge sector and symmetry class. These signatures thus allow us to distinguish between classes C and D, which would appear the same through the lens of just level spacing statistics. With potential condensed-matter [30, 31] or quantum circuit realizations [33, 34] of the cSYK model in sight, these signatures may be useful for identifying and classifying the system in the mesoscopic regime. In condensed matter realization of the SYK and cSYK models, the singlefermion (n = 1) correlators (i.e., single-particle spectral function) can be measured using scanning tunneling spectroscopy [28] . More complicated correlation functions may be measured in digital quantum simulations of the cSYK model [33] .
The identification of the symmetry classes and their corresponding signatures in correlation functions is a strategy that may apply beyond the cSYK model. Whenever different sectors of an interacting Hamiltonian are connected by an antiunitary symmetry, correlation functions of operators connecting these sectors may bear fingerprints of cross-sector correlations. In the cSYK model, this is especially transparent since the couplings between different fermions are structureless and no unitary symmetries besides charge conservation are present. However, even for more structured models, e.g., perturbations around integrable points, cross-correlations between different sectors may be manifested in long-time limits of certain correlation functions.
Although we focused on N odd, this strategy may lead to interesting new signatures in the even N case as well. While in this case no generalized fermion that commutes with the Hamiltonian can be constructed and supersymmetry is not present, charge sectors q and −q remain correlated in the presence of chiral symmetry. Operators connecting these sectors must be thus be fermion-parityeven, which is the key difference from the odd N case we focused on in this work. Nevertheless, the correlation functions of these operators should still display signatures of cross-charge-sector level repulsion of the GUE type (cf . Table II ) and of the existence of fermion-parityeven cross-charge-sector zero modes.
As discussed in Sec. II, it is possible to use a more relaxed definition of chiral symmetry, in particular, to allow a transformation SHS −1 = H + ε 0 Q with some energy ε 0 . In this case, the degeneracy of energy eigenvalues in opposite charge sectors is lifted. The energies, however, remain related to each other by a constant that depends on the charge sector ε q µ −ε −q µ = −qε 0 . In this case, SUSY is absent and the previously zero modes O q µµ now satisfy [H, O q µµ ] = −qε 0 O q µµ [cf. Eq. (16)]. However, the longtime plateau of the correlation function does not quite vanish, but rather changes to oscillations up to infinite times, with the amplitude given by the ε 0 = 0 plateau value and the frequency by qε 0 .
Another possible extension of the symmetry classification is the extension to n-body interactions. Depending on the correlations in the couplings, chiral symmetry may still be present in a more generic n-body Hamiltonian. Since the signatures we revealed in this work can be regarded as a direct consequence of chiral symmetry, we expect them to hold even for more generic Hamiltonians, although we leave the careful investigation of this for future studies.
